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Abstract-We consider the nonlinear age-dependent population growth model introduced by Gurtin- 
MacCamy [Arch. Rat. Mech. Anal. 54, 281-300 (1974)] to which is added a harvest of members at a rate 
which is constant in time but may depend on the age of members being harvested. This partial differential 
equation may be transformed by the method of characteristics into a pair of functional equations for the 
total population size and the birth rate. We discuss the behaviour of solutions when the birth and death 
moduli are functions of a single variable, either the age or the total population size. 
(1) The study of population growth models goes back at least to the eighteenth century; in 1798 
Malthus proposed the simple model P,,, = rP, for a population with discrete generations which 
grows at a rate proportional to population size. (It has been suggested that one could go back 
much further to the “geometric” integer sequence of Fibonacci in 1202 as a model for the 
number of pairs of rabbits each month beginning with one pair and an appropriate reproduction 
model.) Since the time of Malthus, many different types of models have been proposed for 
the study of the population size of a single species, not to mention the population sizes of two 
or more interacting species. The assumption of discrete generations leads, in general, to 
difference equation models, while the assumption of continuous growth and overlapping 
generations leads, in general, to ordinary differential-difference equation models for fixed delays 
or integro-differential equation models for distributed delays. The assumption of spatial 
dependence leads to partial differential equation models. The study of a population and its 
dependence on a food supply may lead to predator-prey models involving two (or more) 
equations. All of these models are deterministic in nature. The consideration of stochastic 
effects requires an entirely different class of models. 
The study of age-dependent population models originated with the work of Sharpe and 
Lotka[l], in which the birth rate is expressed as the solution of the renewal equation, a linear 
Volterra integral equation. The Leslie matrix model[2] is a discrete analogue. Introduction of an 
age density function gives a partial differential equation usually known as the von Foerster 
equation [3], although it appears earlier in the work of MacKen&ick[4]. Nonlinear age- 
dependent models may be constructed beginning with the MacKendrick equation, .and the basic 
model that we shall use is the one formulated by Gurtin and MacCe.ny[S, 63 in which the birth 
and death moduli may depend on age and total population size. Various other nonlinear models 
have also been studied including birth and death moduli which depend on the age density 
function [7,8], birth moduli which depend on the birth rate [9-H], and models which incorporate 
response delays in the birth and death rates [16,171. While any of these types of models may be 
appropriate to a specific population, we shall deal only with the Gurtin-MacCamy model; many 
of the techniques may be modified and applied to other types of models. 
Into the Gurtin-MacCamy model we shall incorporate a harvest of members with a 
preassigned age structure and constant otal time rate. Constant effort harvesting with an effort 
which may depend on the age and the total population size has been studied by Sinchez[l8,19], 
Rorres and Fair[20], Getz[21,22], and Gurtin and Murphy[23,24], including questions of 
optimization. Our goal is to study constant-yield harvesting, considering equilibrium age 
distributions, persistent age distributions, and the asymptotic behaviour of solutions. Both 
constant-effort and constant-yield harvesting are idealizations, and study of more general and 
more realistic harvest rates would be of considerable importance. 
As the details of our work are to appear elsewhere[25], we shall give only an outline of the 
development and treatment of the model. 
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(2) The model is formulated in terms of the density p(a, t) with respect o age of members 
of a population of age a at time t, so that there are approximately p(a, t)Aa members at time t 
with ages between a and a + Aa. Then the total population at time 1 is 
P(r) = I ox da, 0 da. (1) 
Let p(a, P) be the death modulus, that is, the death rate at age a when the total population size 
is P. We also assume a harvest of members of age a at a rate u(a), with 
u(a) da <a, 
so that the total time rate of harvest is the constant H. We then have 
p(a + Aa, t + Aa) - p(a, t) = - p(a, P(t))p(a, t)Aa - o(a)Aa 
and after dividing by Aa and letting ha +O we obtain the (generalized) MacKendrick equation 
pda, 0 + pata, 0 +da, PWMa, 0 + u(a) = 0. (2) 
The model consists of the partial differential equation (2) together with two auxiliary con- 
ditions. 
Let p(a, P) be the birth modulus, the average number of offspring per unit time produced 
by an individual of age a. Then the number of births per unit time at time t is 
~(0, 0 = fr Ha, PW)p(a, 0da (3) 
0 
which we define to be the birthrate B(t). To complete the model we specify an initial age 
distribution 
da, 0) = da). (4) 
Our model then consists of the partial differential equation (2) together with the conditions (3) 
and (4). 
There is a standard technique for converting this model into a pair of functional equations 
for the birthrate B(t) and the population size P(t). Solution of (2) by the method or 
characteristics, with ~(0, t) = B(t), gives 
e-fo%~)d~B(t_a)_ I 
n 
U(Y) e -If s(a)da dy, [t 2 a] 
0 
where 
p*(a) = k(a, P(t - a + a)). 
Substitution of (5) into (3) and (1) gives 
B(t)= b(t)Cl’fi(a, P(t))e-‘OY p*(a)daB(t-a)da-h,(t) 
P(l) = p(t) + 
I 
’ e-lo” ~*(a) da B(t - a) da - h2(t), 
0 
(5) 
where 
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b(t) = Ix p(a, P(W(a - 0 e- - j-:-t P*(a) da du 
I 
A6 p(t) = I 
x 
da - t)e 
-k-t CL*(a) dada 
, 
~,(t)=~“‘~(y)[~,~fPio,P(t))e-“P*(~’d”d~]dy 
h,(i)=lo’tl(g)[~~‘e-iPr*(a’dad~~d~. 
Observe that in general b, p, h,, and h2 are functions of the population size but if p is 
independent of P then p and h2 are independent of P and if p and j3 are both independent of P, 
then b and h, are also independent of P. 
There are two special cases in whkh the system (6) may be replaced by a simpler one. If p 
is independent of age, 
differential equation 
where H = Jo” o(a) da. 
equation 
,u = p(P), then the equation for P may be replaced by the ordinary 
P’=B-Pp(P)-H, 
If p is independent of age, p = p(P), then B = Pp(P), and the single 
P(f) = p(t) + I ’ e-J; Il.*(a) da P(t - a)P(P(t - a)) da - h&t) 0 
describes the model. 
(3) An equilibrium age distribution is defined to be a solution of the system (2), (3), (4) 
which is independent of t. It is obvious from (1) and (3) that the population size and birth rate 
corresponding to an equilibrium age distribution are both constant; conversely it is obvious 
from (5) that the age density function corresponding to a constant population size and birth rate 
is an equilibrium age distribution. Thus we may determine all equilibrium age distributions p(u) 
by finding all constant solutions (B,, PO) of the system (6). We may do this either by solving the 
ordinary differential equation 
P’(Q) = - /Aa, POMU) - r(u), p(0) = Bll 
and then calculating 
or by assuming constant solutions of (6) and then letting t+= in (6). Either approach gives the 
pair of conditions 
BO 
-.h%dJd~~~_~ 
1 
=[~(o.Po) [joa v(y)eFJe rr(u’Po)dndy]de, 
PO= B. “e-ln” p(a’Po)dnda_ 
In particular, if there is no harvest [r(u) = 01, then 
Jo 
c411w4 \‘“, 9. so 3-c 
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A natural approach to the study of the behaviour of solutions of the system (6) would be to find 
the constant solutions of (6) and then to determine whether the solutions of (6) must tend as 
t + 00 to a constant solution. It is not difficult to show that if a solution of (6) tends to a limit as 
f+=~, then its limit must be a constant solution of (6). However, as we shall see by examining 
the system (6) under a variety of restrictive assumptions on the moduli @(a, P) and ~(0, P), 
such an approach can yield only partial information. 
(4) The first special case which we examine is the case that /3 is independent of age, and F 
is independent of population size, 
m, n = P(P), p(a, P> = p(a). 
Since p is independent of age, the model can be described by a single equation for P(t), and 
since p is independent of population size, this is a nonlinear Volterra equation 
P(t)=p(t)+ *~o(o)g(P(t-a))dn-hz(t), 
I 0 
with 
no(a) = e 
-la” da) da 
, g(P) = mm1 
PO) = I, - ‘(;;ety;;a)da, h#)=lb;-$$ [j- 
Y+f 
m&x) da dy. 
Y I 
This nonlinear enewal equation has been studied extensively. It is known1261 that if 
I 
XI 
0
so(a) da * [li:zp /3(P)] < 1, 
then every nonnegative solution of (9) is bounded on 0 5 t < 33, and also[27-291 if 
g’(P)_fc ro(a) da is not identically equal to 1 on any P-interval, then every bounded non- 
negative solution tends to a limit PO as t +m. A limit PO of (9) must satisfy 
Po = - h(m) + gU’o) lo‘ no(a) da, (10) 
where 
h(m) = l=- 50(a) [Joa s dy ] da. 
If hz(m) is so large that there are no solutions of (lo), then every solution of (9) must reach zero 
in finite time; the critical value of h?(m) for which this transition takes. place is determined by 
g’(P,) Jo” ro(o(a) da = 1. The quantity h?(m) is related to the rate of harvesting, for if c I ~(a) 5 d 
for Osa <m, then 
ch+) 5 H % dh&). 
Not all solutions PO of (10) are biologically realistic limits of solutions of (9). An equilibrium 
age distribution corresponding to a population size PO is stable in the sense of being relatively 
insensitive to perturbations of g’(Po) Jr r,(a) da < 1, and unstable if g’(Po) Jo” sro(a) da > 1[29]. 
If the harvest rate is sufficiently small, every age distribution tends as t +m to a stable 
equilibrium age distribution, but if the harvest rate exceeds a critical value the population 
becomes extinct if finite time. 
If both /3 and p are independent of age, 
P(k P) = P(P), da, P) = CL(P), 
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P’=B-PcL(P)-H=PP(P)-PCL(P)-H, 
whose qualitative behaviour is of the same equilibrium or catastrophic nature as the nonlinear 
renewal equation. One might conjecture that this is the situation whenever the birth modulus is 
independent of age. As we shall see in the next sections, if the birth modulus is a function of 
age only, the behaviour is very different. 
(5) In the case that /3 is independent of population size and p is independent of age, 
P(4 PI = P(a), /da, P) = p(P), 
the model takes the form 
B(t) = b(t) + I ’ /3(a) em”-’ p(P(u))duB(t - a) da - h,(t), 0 
P’(t) = B(t) - P(t)c~(P(t)) - H 
with 
b(t) = Is P(a)q(a - t) em” p(P(u))du da, 
r 
h,(t) = l= u(y) ,-I’+’ P(a) ,-J:-a+?p(P(u))du do] y, 
Y 
H = =u(a)da. 
We make the change of variables 
B*(t) = B(t) ,Id p(P(u))du, P*(t) = f,(t) ,Id p(P(u))du 
and obtain 
B*(t) = b*(t) +Jd /3(a)B*(t - a) da - h?(t), 
p’(t) = B*(t)_H ,Jda(J’(“))du, (11) 
with 
b*(t) = I= P(a)& - t) da, 
I 
hT(t) = Iox u(y) [I,:’ P(a) eJurwo*’ p(PW)du do]dy. 
Observe that b*(t) is independent of P, but hf is not. We write B*(t) = BT(t)- B?(t) with 
B!(t) z 0 and 
BY(t) = b*(r)+ 
I 
’ P(a)BT(t - a) da, 
0 
B!(t) = hi(t)+ ’ P(a)B;(t - a) da. 
(12) 
(13) 
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We may analyze the behaviour of solutions of (12) and (13) using the classical results of 
Feller[30], and then combine to determine the asymptotic behaviour of B*(t). We find that if 
Jo” P(a) da < 1, then fit B*(t) = 0; if Jo” P(a) da = 1, lo” P(a) da = 1, then E*(t) reaches zero in 
finite time; if Jo” P(a) da > 1 then either B*(t) reaches zero in finite time or grows like ep’, where 
p > 0 is given by 
I 
x 
eeP”p(a) da = 1. (14) 
0 
If B*(t) tends to zero as t+m or reaches zero in finite time, then the same is true of B(t). 
However, if B*(t) grows exponentially, analysis of the behaviour of B(t) and P(t) depends on 
the relative growths of _fd p(P(u)) du and pt as t -+m. If _fd &P(u)) du grows more rapidly than 
pt as t +m, it follows that P(t) and B(t) must reach zero in finite time, a contradiction. If
Jd p(P(u)) du grows more slowly than pt as t +q then P(t) and B(t) are unbounded as t +m. 
If 
tizf/* c~(P(u)) du = P, 
0 
then P(t) and B(t) grow more slowly as t -+m than ef’ for every E > 0. The possibility that P(t) 
and B(t) are both bounded can not be ruled out; but if $2 B(t) = B. and $3 P(t) = PO, then 
’ p =lim 
I ,-a o 
PVYUN du = pL(Po), 
and (14) implies 
I 
z 
e-r(P@P(a) da = 1, 
0
which contradicts (8) if there is harvesting. Our conclusion is that if p is independent of 
population size and cc. is independent of age, the population may grow unboundedly or become 
extinct, and if it remains bounded there can not be an equilibrium age distribution if there is 
harvesting, in contrast to the unharvested case. The possible existence and asymptotic 
behaviour of bounded solutions is an open question. 
(6) The problem originally studied by Lotka and Sharpe[l] and MacKendrick[4] was the 
case that both /3 and k are functions of age only, 
Ha, PI = P(a), Aa, P) = p.(a). 
In this case, the model (6) becomes a pair of Volterra integral equations. Since p and p are 
independent of P, the functions p, b, h,, and h2 are independent of P and the second equation 
in (6), 
P(f) = p(t) + I ‘,-lo” Aa)da B(t - a) da - h*(f), 0 
is an explicit formula for P in terms of 8. Thus the model may be described completely by the 
first equation in (6). With the convenient notation 
ro( a) = e 
-lo” /-4a)da 
introduced in Section 4, this equation is 
B(t) = b(t) + ’ /3(a)n,(a)B(t - a) da - h2(t). (15) 
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In the unharvested case, h2(t) = 0, it is hown[6] that there are persistent age distributions of 
the form p(a, t) = Am, and that every age distribution tends to a persistent age distribution 
as t--,x. In the harvested case, the analogue of a persistent age distribution is a solution of the 
form p(a, t) = A(a)T(t) - g(a). By separation of variables we can obtain the existence of 
solutions of the form 
p(a, t) = 7ro(a) c ek”-“)- 
[ 
g(O) - [ s dv I 7 (k” 0) 
and substitution into ~(0, t) = Jo” /3(u)p(u, t) da gives _fg p(u)r&a) eek“ da = 1. If k = 0, we 
obtain 
da, t)= n&a> -g(O)-J$(&d?+ [ 
an equilibrium age distribution, and _fc /~(u)IQ,(u) da = 1. However _fc @(~)~~(a) da= 1 only if 
there is no harvest, and there is no solution with k = 0 if there is a harvest. In the harvested 
case, the only persistent age distributions grow exponentially or tend to zero exponentially as 
t --fx. 
To examine the asymptotic behaviour of an age distribution we study the asymptotic 
behaviour of B(t) and then use 
We can study the asymptotic behaviour of B(t) as a solution of (15) much as we studied the 
system (11) in the preceding section. We find that if _I; /?(u)~T,,(u) da< 1, then B(t) tends. to 
zero as t + xc; if Jo” ~(u)~~( a) da = 1, then B(r) reaches zero in finite time; if jc /3(u)?r,,(u) 
da > 1, then B(t) either grows exponentially or reaches zero in finite time. We conclude that 
every age distribution either tends to a persistent age distribution, which can not be an 
equilibrium age distribution, or vanishes identically for large t. This is in contrast to the 
unharvested case, in which equilibrium age distributions are possible but extinction in finite 
time is not. 
(7) We have analyzed the possibilities when the birth and death moduli are each functions 
of either age or population size but not both, and have seen how the results differ from the 
unharvested case. We have seen that different assumptions on the birth and death moduli lead 
to very different results. Enough examples have been worked out in the unharvested case for 
birth and death moduli which depend on more than one variable to suggest a rich variety of 
possible behaviours[31]. The general situation is not well understood in the unharvested case, 
and this understanding would be only a first step towards an understanding of the possible 
effects of harvesting on a general age-structured population. 
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